Imbert-Fedorov shift in Weyl semimetals: Dependence on monopole charge
  and intervalley scattering by Wang, Luyang & Jian, Shao-Kai
Imbert-Fedorov shift in Weyl semimetals: Dependence on monopole charge and
intervalley scattering
Luyang Wang1,2 and Shao-Kai Jian1
1Institute for Advanced Study, Tsinghua University, Beijing 100084, China
2State Key Laboratory of Optoelectronic Materials and Technologies,
School of Physics, Sun Yat-Sen University, Guangzhou 510275, China
(Dated: October 9, 2018)
The Imbert-Fedorov (IF) shift in optics describes the transverse shift of light beams at the re-
flection interface. Recently, the IF shift of Weyl fermions at the interface between Weyl semimetals
(WSMs) with single monopole charge has been studied. Here, we study the IF shift at the interface
between two WSMs, each of which is carrying an arbitrary integer monopole charge. We find a
general relation between the monopole charges of the two WSMs and the IF shift. In particular, the
IF shift is proportional to the monopole charge if both WSMs have the same one. Our results can be
used to infer the topology of the materials by experimentally measuring their IF shift. Furthermore,
we consider the possibility that the Weyl fermions are scattered to other Weyl cones during the
reflection, which results in qualitatively different behavior of the IF shift. While we use a quantum
mechanical approach to solve the problem, semiclassical equations of motion and the conservation
of total angular momentum can help us intuitively interpret our results in special cases.
I. INTRODUCTION
Spin-orbit coupling (SOC) plays an increasingly impor-
tant role in modern condensed matter physics. It is es-
sential in many topological phenomena, such as the spin
Hall effect1, the quantum spin Hall effect2 and topologi-
cal insulators3,4. In recent years, SOC has also attracted
much interest in optics5. Due to the intrinsic SOC of
light, it has been realized that the spin Hall effect nat-
urally occurs in optical systems when there is a gradi-
ent in the refractive index, resembling an electric field in
electronic systems. As a result, at the interface between
two media where the refractive index varies, when trans-
mitted or reflected, a light beam has a transverse shift
with the direction depending on the chirality (spin) of
the photons6,7. The transverse shift is named the Imbert-
Fedorov (IF) shift after its discoverers8,9, and has been
verified by experiments10,11.
In recent works12,13, the authors have found that the
IF shift also occurs in Weyl semimetals (WSMs). WSMs
are recently discovered materials14–18. They host Weyl
points, which behave as monopoles of Berry flux. Around
the Weyl points, the states are described by the Weyl
equation19 and have a linear dispersion20–30. The IF shift
in WSMs is due to the intrinsic coupling between the
pseudospin and the orbital degree of freedom. It has
been shown that the IF shift depends on the monopole
charge (chirality) of the Weyl point which is ±1, similar
to that in optical systems.
The IF shift in both optical systems and WSMs has
been interpreted semiclassically6,13. The semiclassical
equations of motion (EOM) govern the trajectory of wave
packets, and dictate that the IF shift of a wave packet
is due to its anomalous velocity31, and hence is an inte-
gral of the Berry curvature. If the band structure and
hence the Berry curvature vary slowly, then it is an intu-
itive way to calculate the IF shift. However, if the Berry
curvature has an abrupt change at an interface, difficul-
ties arise. Moreover, near the Weyl point where the gap
closes, non-Abelian treatment is needed13. As such, pro-
cesses like Klein tunneling are not straightforward to ac-
count for. Different from the quantum mechanical treat-
ment, the trajectory of a wave packet is fixed, which
ignores the possibility that the wave packet may split.
Another interpretation of the IF shift is from the con-
servation of total angular momentum (TAM)6,13, which
only works if the two media have the same monopole
charge, and the composite system has a rotational sym-
metry. Therefore, there is a limit in these two methods.
In WSMs, the quantum mechanical approach has been
applied to the calculation of the IF shift12. It works best
if an abrupt interface exists between two WSMs, regard-
less of the symmetry of the system. Each of the three
approaches has its own advantages and drawbacks.
Multi-WSMs that host Weyl points with monopole
charge ±2 and ±3 have been discovered32, which are
protected by point group symmetries. Namely, C4 and
C6 symmetries can protect double-Weyl points while C6
symmetry can protect triple-Weyl points. Therefore, it
is natural to extend previous works on the IF shift in
single-WSMs to multiple WSMs. In this work, we study
the IF shift between WSMs with monopoles of arbitrary
integer charges. We apply the quantum mechanical ap-
proach to study the problem, and then use the semiclas-
sical approach and the conservation of TAM to confirm
and interpret the results in special cases. In addition,
we consider the possibility that the Weyl fermions are
reflected to another Weyl cone with opposite chirality, in
which case the IF shift vanishes under certain symmetry
conditions.
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2FIG. 1. A beam of Weyl fermions is incident from a WSM at
z < 0, with monopole charge N1, to another at z > 0, with
monopole charge N2, and is totally reflected at the interface
z = 0. A step potential is assumed between the two media.
During the reflection, the IF shift occurs.
II. IF SHIFT AT THE INTERFACE BETWEEN
WSMS WITH ARBITRARY MONOPOLE
CHARGES
The Hamiltonian for a Weyl cone with a positive
monopole charge N can be written as
H0(k) =
(
kz (kx − iky)N
(kx + iky)
N −kz
)
, (1)
where k = (kx, ky, kz) and H
∗
0 carries the opposite charge
−N . We have chosen the z-axis as a high symmetry
axis. We set the velocities to 1 hereafter for simplicity.
(Actually, the IF shift depends on the velocities12,13; we
leave the calculation of such dependence to future work.)
Note that the generalization of a single-Weyl point with
monopole charge 1 to a multi-Weyl point with monopole
charge N is strongly reminiscent of the counterpart in
two dimensions - the generalization of a gapless Dirac
point with winding number 1 to the case with winding
number N33. The eigenenergies are E = ±
√
k2N‖ + k
2
z ,
associated with the spinor wavefunction
ψ(r) =
ei(kxx+kyy+kzz)√
1 + η2
(
e−iNα
η
)
(2)
where r = (x, y, z), k‖ =
√
k2x + k
2
y, α = tan
−1 (ky/kx)
and η =
√
E−kz
E+kz
.
We consider the total reflection that occurs at the in-
terface between two WSMs. Assume a beam of Weyl
fermions is incident from a WSM with monopole charge
N1 to that with monopole charge N2, and the interface
is at z = 0, as shown in Fig.1. A step potential is as-
sumed at the interface, with the form V = 0 for z < 0
and V = V0 > 0 for z > 0. During the process of reflec-
tion, kx and ky are conserved, while kz is not. Using the
continuity of the wavefunction at z = 0 and solving for
the reflective coefficient r, we get r = eiφr with the phase
(see Appendix A for details)
φr = 2 tan
−1 η sin(φξ − (N1 −N2)α)
1− η cos(φξ − (N1 −N2)α)
+ φξ − (N1 −N2)α (3)
where φξ=arg(E−V0−iκ) with κ =
√
k2N2‖ − (E − V0)2.
The total reflection only occurs when κ > 0 since the
wave function is proportional to e−κz at z > 0. We
assume the incident beam is Gaussian in the y-direction,
and the central ray lies in the xz plane. Then the k-
space distribution is also Gaussian, with the center at
k¯y = 0. In real space, the center of the incident beam
is N1∂kyα/(1 + η
2)|ky=0, and the center of the reflected
beam is [(N1η
2∂kyα)/(1 + η
2) − ∂kyφr]|ky=0, so the IF
shift is their difference. Bringing all the variables in, we
find the IF shift as follows:
∆IF = −N1kz
Ekx
+
(N1 −N2)kz
Ekx + (V0 − E)kN1−N2+1x
. (4)
Two special cases are noticed. First, if the two WSMs
have the same monopole charge, i.e. N1 = N2 ≡ N ,
then ∆IF = −N/(E tan θ), where θ = tan−1 kx/kz. Note
that θ is different from the incident angle, since the ve-
locity is not proportional to the momentum in general.
(Previous studies on single-Weyl points correspond to
N = ±112,13 here.) The IF shift changes sign once
the chirality changes, which is termed as the chirality-
dependent Hall effect. Here, we extend it to a general
monopole charge, and find the IF shift is proportional to
the monopole charge. This is like the case in the quan-
tum Hall effect, where the quantized Hall conductance
is proportional to the Chern number34. Second, if the
energy of the incident Weyl fermions can be adjusted to
E = V0, then ∆IF = −N2/(E tan θ). Then one can de-
tect the monopole charge of the WSM to which the Weyl
fermions are incident.
One disadvantage of the quantum mechanical approach
is that we need to assume a specific form of the wave
packet to calculate the IF shift. In addition, we have
assumed a sharp interface between the two WSMs. How-
ever, the Weyl Hamiltonian is actually a low energy, long
wavelength Hamiltonian, so the matching wavefunction
method only works for the case in which the interface is
smooth in the atomic scale. Therefore, we need to con-
firm that the result obtained above is valid. To this end,
we apply the semiclassical approach to calculate the IF
shift where the interface is smooth.
III. SEMICLASSICAL APPROACH
Analogous to the motion of electrons in condensed
matter systems, the motion of optical wave packets can
be studied by semiclassical EOM6,35, given the condi-
tion that the modulation to the band structure is weak
3and slowly varying. The semiclassical approach gives a
simple interpretation to the IF shift: it is the shift due
to the anomalous velocity, which appears if the Berry
curvature is nonvanishing and an effective electric field
exists31. This approach is used to calculate the IF shift
in WSMs in Ref.13, in the case where the band struc-
ture and the Berry curvature are slowly varying. Now
we show that the IF shift between two WSMs with the
same monopole charge N can be calculated in this way,
which further confirms the results obtained above.
The incident momentum of a wave packet is (kx, 0, kz),
and the reflected momentum is (kx, 0,−kz). The IF shift
is the integral of the anomalous velocity6,
∆IF =
∫
dt[k˙×Ω(k)]y =
∫ −kz
kz
dkzΩx(kx, 0, kz), (5)
where k˙ denotes the time derivative of k, Ω(k) is the
Berry curvature of the band in which the wave packet
resides and [...]i means the i-th component. We see the
difference between the Chern number and the IF shift:
the former is the integral of the Berry curvature over the
planar Brillouin zone, while the latter is the integral of
the Berry curvature over a line segment in the Brillouin
zone.
The Hamiltonian Eq.(1) can be written as H0(k) =
h(k) · σ, where components of σ are Pauli matrices and
components of h are the coefficients of each Pauli ma-
trix, respectively. Then the x-component of the Berry
curvature is Ωx(k) = h · (∂kyh× ∂kzh)/(2h3), where h =√∑3
i=1 h
2
i . To obtain Ωx(kx, 0, kz), we expand h(k) to
the first order of ky, h(k) = (k
N
x , Nk
N−1
x ky, kz) +O(k
2
y),
and then find Ωx(kx, 0, kz) = Nk
2N−1
x /[2(k
2N
x + k
2
z)
3
2 ].
Plugging it into Eq.(5), we have ∆IF = −N/(E tan θ),
which agrees with the quantum mechanical result.
An immediate question is whether we can apply the
semiclassical approach to the case where the two WSMs
carry different monopole charges. A necessary condition
to apply the semiclassical approach is one can interpo-
late the two Hamiltonians smoothly, such that the band
structure and the Berry curvature vary slowly. However,
since the two Hamiltonians have different topologies, i.e.
their monopole charges differ by an integer, they can-
not be connected smoothly. Therefore, the semiclassical
approach cannot be applied to this case.
IV. CONSERVATION OF TAM
The IF shift in optics has also been understood as the
result of the conservation of the total angular momen-
tum of individual photons6. In WSMs with N = 1, it
has been shown that the IF shift can be interpreted as
the result of the conservation of the generalized total an-
gular momentum, which is the sum of the orbital angular
momentum and the 1/2 pseudospin of Weyl fermions13.
Here we generalize further this idea.
(a)
0 kz
E
kz-kz k'z
(b)
FIG. 2. (a) Band structure of the Hamiltonian. (b) An inci-
dent particle (with fixed kx) can be reflected to the same Weyl
cone or the other. The red dot indicates an incident particle
with momentum kz, the orange dot indicates the case where
it is reflected to the same cone with momentum k′z, and the
blue dot indicates the case where it is reflected to the other
cone with momentum −kz.
(a) (b)
FIG. 3. Intervalley reflectance |r1|2 with the energy of the
incident Weyl fermions at E = k20 (a) and at E = 0.5k
2
0 (b),
where we set k0 = 1.
If both WSMs are described by H0 + V where H0
is given in Eq.(1) and V is a step potential, i.e. both
have the same monopole charge N , there is a continu-
ous rotational symmetry around the z-axis, correspond-
ing to the conservation of the z-component of the to-
tal angular momentum J. One can show [Jz, H] = 0,
where Jz = Lz + Sz, with Lz = xky − ykx = −i∂α and
Sz =
N
2 σz.
When an incident Weyl fermion is totally reflected at
the z = 0 plane, Jz is conserved, i.e. J
I
z = J
R
z , where
I and R label incident and reflected, respectively. Since
the incidence is in the xz plane, ky = 0, kx is conserved,
and kz changes sign after the reflection. Then the IF
shift is
∆IF = y
R − yI = N
2kx
(〈σRz 〉 − 〈σIz〉) = −
Nkz
Ekx
, (6)
which agrees with the result calculated using quan-
tum mechanics and semiclassical EOM. However, if the
monopole charges are different at the two sides, it is not
obvious that one can use this argument to calculate the
IF shift.
4V. INTERVALLEY SCATTERING
Previous discussions of the IF shift in WSMs12,13 have
been restricted to the case where the reflected Weyl
fermions are in the same valley as the incident ones. How-
ever, since WSMs always hold an even number of Weyl
points36, there is a certain probability that in total reflec-
tion, part of the beam is reflected to another valley. We
study this case using a model Hamiltonian with two Weyl
cones of monopole charge N = ±1 located at (0, 0,±k0),
where k0 is a constant,
H(k) =
(
k2z − k20 kx − iky
kx + iky −(k2z − k20)
)
. (7)
The dispersion is shown in Fig.2(a), and the eigenfunc-
tion is
ψ(r) =
1√
1 + η2
(
e−iα
η
)
ei(kxx+kyy+kzz) (8)
where k2z =
√
E2 − k2x − k2y + k20, η =
√
E−k2z+k20
E+k2z−k20 and α
is defined the same way as above.
The setting is the same as in Fig.1 except that two val-
leys are considered. As shown in Fig.2(b), the incident
wave has z-momentum kz (red point), and by energy con-
servation, the z-momentum of the reflected wave is either
−kz (blue point) or k′z =
√
2k20 − k2z (orange point), cor-
responding to the intervalley and intravalley scattering.
We have the reflected wavefunction in the region z < 0
(ignoring the factor ei(kxx+kyy))
ψR(r) =
r1e
−ikzz√
1 + η2
(
e−iα
η
)
+
r2e
ik′zz√
1 + η2
(
ηe−iα
1
)
,(9)
where r1 and r2 are the reflective coefficients associated
with the intervalley and intravalley scattering, respec-
tively.
Using the continuity of the wavefunction and of the
derivative of the wave function, we can find r1 and r2 (see
Appendix B for details). |r1|2 is the probability that the
particle is reflected to the other valley, and |r2|2|v2|/v1
is the probability that it is reflected to the same valley,
where v1 > 0 is the z-component of the incident velocity
and −v1 and v2 are the z-component of the velocities
of particles that are reflected to the other and the same
valley, respectively. The latter has a factor of |v2|/v1
because of the conservation of the probability current
v1 = |r1|2v1 + |r2|2|v2|.
We plot |r1|2 for two energies, E = k20 and E = 0.5k20 in
Fig.3. The parameters 0 < V0 < 2E and |E−V0| < kx <
E so that total reflection occurs. |r1|2 strongly depends
on the energy of the particles, since the potential barrier
is shallower for higher energy. We see that at smaller
incident angles (smaller kx), there is a larger probability
of reflecting to the other valley; as V0 → E, |r1|2 reaches
the maximum at kx → 0. The maximum can be nearly
100% when the energy of the incident particles is high,
but decreases to a few percent if the energy decreases
to its half. Therefore, the intervalley scattering is weak
if the energy is well below the potential barrier, but in
general the beam splits into two.
To calculate the shift, we find the initial center of
beam is ∂kyα/(1 + η
2)|ky=0, while the final center for the
two reflected beams are, respectively, [∂kyα/(1 + η
2) −
∂kyφr1 ]|ky=0 and [η2∂kyα/(1 + η2)−∂kyφr2 ]|ky=0. So the
shift for the two beams corresponding to intervalley and
intravalley reflection are given by
∆1 = −∂kyφr1 |ky=0, (10)
∆2 = −∂kyφr2 |ky=0 +
η2 − 1
η2 + 1
∂kyα|ky=0, (11)
respectively. Since ky always appears as k
2
y except in α,
we have ∂kyφr1,2 |ky=0 = 0. Therefore ∆1 = 0, i.e., the
beam reflected to the other valley has no IF shift, and the
intravalley reflected beam has the IF shift ∆2 = −v2(kz−
k0)/(Ekx). Note the replacement of kz by kz−k0 due to
the finite momentum location of the Weyl point.
The zero IF shift can be easily understood from the
semiclassical point of view. If the two Weyl points with
monopole charge ±N are located at (0, 0,±k0), as the
z-momentum goes from kz to −kz, the trajectory in k-
space passes both k0 and −k0 or none of the two. Then
we have
∆IF =
∫ −kz
kz
dkzΩx =
∫ −kz
kz
dkz(Ω
(1)
x + Ω
(2)
x ) = 0,(12)
where Ω
(1,2)
x are the Berry curvature contributed by
the two Weyl points. Actually, the vanishing of
the IF shift is due to the inversion symmetry and
the rotational symmetry about the z-axis: the in-
version symmetry gives Ω(−k) = Ω(k), from which
Ωx(−kx, 0,−kz) = Ωx(kx, 0, kz), while from the rota-
tional symmetry, Ωx(−kx, 0, kz) = −Ωx(kx, 0, kz). Com-
bining the two symmetries, we have Ωx(kx, 0,−kz) =
−Ωx(kx, 0, kz), which says Ωx is an odd function of kz.
Thus the integral vanishes, i.e., ∆IF = 0.
VI. DISCUSSION
The IF shift in WSMs could be observed in the con-
firmed WSMs TaAs and NbP14–18. The dependence of
the IF shift on intervalley scattering should be easily de-
tected since there are many Weyl points in these materi-
als. More specific calculations need to be carried out, fol-
lowing the same principles given here. The possible mate-
rials that host multi-Weyl points include HgCr2Se4
22 and
SrSi2
37, which provide platforms to observe the monopole
charge dependence of the IF shift.
The discovery of WSMs inspires the realization of
(multi-)Weyl points in systems besides solid state materi-
als, such as photonic crystals38–40. Around Weyl points,
the states are governed by the same Weyl equation, so we
expect that our formalism and results also apply to these
systems. However, our two-Weyl cones model breaks
5time-reversal symmetry, and the two Weyl points are re-
lated by mirror symmetry. In a time-reversal invariant
photonic Weyl crystal, a minimal number of four Weyl
points can be realized39,41. If an interface exists perpen-
dicular to the axis at which two Weyl points related by
time-reversal symmetry reside, intervalley scattering oc-
curs between the two valleys which have the same chiral-
ity. In this case, the IF shift contributed by the two val-
leys are the same rather than opposite, so the shift is ap-
proximately twice that of the intravalley reflection. Con-
sequently, our results may be used to detect the topology
of various kinds of materials by experimentally measuring
their IF shift.
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Appendix A: Quantum mechanical approach
In this appendix we solve the IF shift quantum mechanically. The Hamiltonian is
H =
(
kz (kx − iky)N1
(kx + iky)
N1 −kz
)
=
(
kz k
N1
‖ e
−iN1α
kN1‖ e
iN1α −kz
)
for z < 0, (A1)
H =
(
kz (kx − iky)N2
(kx + iky)
N2 −kz
)
+ V0 =
(
kz k
N2
‖ e
−iN2α
kN2‖ e
iN2α −kz
)
+ V0 for z > 0, (A2)
where α = tan−1 kykx and η =
√
E−kz
E+kz
. E =
√
k2N1‖ + k
2
z . During the process of reflection, kx and ky are conserved,
while kz is not. The wavefunction at z < 0 consists of the incident and reflected wavefunction, so
ψ1(r) =
1√
1 + η2
ei(kxx+kyy+kzz)
(
e−iN1α
η
)
+
r√
1 + η2
ei(kxx+kyy−kzz)
(
ηe−iN1α
1
)
for z < 0, (A3)
ψ2(r) =
t√
1 + |ξ|2 e
i(kxx+kyy)−κz
(
ξe−iN2α
1
)
=
t√
2
ei(kxx+kyy)−κz
(
e−iφξ−iN2α
1
)
for z > 0, (A4)
where κ =
√
k2N2‖ − (E − V0)2, φξ = − tan−1 κE−V0 if E > V0, and φξ = − tan−1 κE−V0 + pi if E < V0. We have used
the relation ξ =
k
N2
‖
E−V0−iκ =
k
N2
‖√
(E−V0)2+κ2eiφξ
= e−iφξ . Connecting the two wave functions at z = 0, we have
(1 + rη)e−iN1α√
1 + η2
=
te−iφξ−iN2α√
2
, (A5)
η + r√
1 + η2
=
t√
2
. (A6)
The ratio of the two equations yields
1 + rη
η + r
= e−iφξ+i(N1−N2)α. (A7)
Solving for r, we get
r =
1− ηe−iφξ+i(N1−N2)α
e−iφξ+i(N1−N2)α − η = e
iφξ−i(N1−N2)α 1− ηe−iφξ+i(N1−N2)α
1− ηeiφξ−i(N1−N2)α ≡ e
iφr , (A8)
so the phase shift is
φr = φξ − (N1 −N2)α+ 2 tan−1 η sin(φξ − (N1 −N2)α)
1− η cos(φξ − (N1 −N2)α) . (A9)
φξ is even in ky, so ∂kyφξ|ky=0 = 0. Then
∂kyφr|ky=0 =
(N1 −N2)kz
(E − V0)kN1−N2+1x − Ekx
. (A10)
6Assuming the beams are Gaussian. The center of the incident beam is
N1∂kyα|0
1+η2 , and the center of the reflected beam
is
N1
(∂kyα− ∂kyφr)|0η2 − ∂kyφr
1 + η2
=
N1η
2∂kyα|0
1 + η2
− ∂kyφr. (A11)
So the IF shift is
∆IF = N1∂kyα|0
η2 − 1
η2 + 1
− ∂kyφr|0 = −
N1kz
Ekx
+
(N1 −N2)kz
Ekx − (E − V0)kN1−N2+1x
. (A12)
Appendix B: Probability of intervalley scattering
There is a certain probability that on total reflection, the particle is reflected to the other Weyl cone. Now we
calculate this probability using a quantum mechanical approach. We start with the Hamiltonian
H =
(
k2z − k20 kx − iky
kx + iky −(k2z − k20)
)
(B1)
where ki’s are operators and ki = −i∂xi . The eigenfunction is
ψ(x, y, z) =
1√
1 + η2
(
e−iα
η
)
ei(kxx+kyy+kzz) (B2)
where kz =
√√
E2 − k2x − k2y + k20, η = E−(k
2
z−k20)
k‖
=
√
E−(k2z−k20)
E+(k2z−k20) and α = tan
−1 ky
kx
. Assume there is an interface at
z = 0, and a potential
V =
{
0, z < 0
V0. z > 0
(B3)
Upon reflection, kx and ky are conserved due to translational symmetry, while kz is not. By energy conservation, the
z-momentum of the reflected particle is either −kz or k′z =
√
2k20 − k2z . (We assume kz > 0.) The former is the case in
which the particle is reflected to the other Weyl cone. Note that with kz → −kz, η → η; while with kz → k′z, η → 1/η.
Ignoring the factor ei(kxx+kyy), we have the wavefunction in the region z < 0 and z > 0
ψ1(z) =
1√
1 + η2
(
e−iα
η
)
eikzz +
r1√
1 + η2
(
e−iα
η
)
e−ikzz +
r2√
1 + η2
(
ηe−iα
1
)
eik
′
zz, (B4)
ψ2(z) =
t1√
1 + |ξ1|2
(
ξ1e
−iα
1
)
eik1z +
t2√
1 + |ξ2|2
(
ξ2e
−iα
1
)
eik2z (B5)
=
t1√
2
(
eiφξe−iα
1
)
eik1z +
t2√
2
(
e−iφξe−iα
1
)
eik2z. (B6)
If (E − V0)2 < k2x + k2y, to satisfy E =
√
k2x + k
2
y + (k
2
1,2 − k20) + V0, we must have k21,2 − k20 = ±iκ where κ =√
k2x + k
2
y − (E − V0)2 > 0. The imaginary part of k1 and k2 should be positive, so that the wave function decays at
z > 0 side, otherwise the wave function would explode. Thus we have k1 = (k
4
0 +κ
2)
1
4 eiφk and k2 = −(k40 +κ2)
1
4 e−iφk
where φk =
1
2 tan
−1 κ
k20
. Then ξ1 =
k‖
E−V0−(k21−k20) =
k‖
E−V0−iκ = e
iφξ , and ξ2 =
k‖
E−V0+iκ = e
−iφξ where φξ =
tan−1 κE−V0 if E − V0 > 0 and φξ = tan−1 κE−V0 − pi if E − V0 < 0. The boundary conditions at z = 0 are
ψ1(0) = ψ2(0) and ψ
′
1(0) = ψ
′
2(0), explicitly,
1 + r1 + r2η√
1 + η2
=
t1e
iφξ + t2e
−iφξ
√
2
, (B7)
(1 + r1)η + r2√
1 + η2
=
t1 + t2√
2
, (B8)
(1− r1)kz + r2ηkz1√
1 + η2
=
(k40 + κ
2)
1
4 (t1e
i(φk+φξ) − t2e−i(φk+φξ))√
2
, (B9)
(1− r1)ηkz + r2kz1√
1 + η2
=
(k40 + κ
2)
1
4 (t1e
iφk − t2e−iφk)√
2
. (B10)
7The reflected beam splits into two beams. We solve the reflectance |r1|2 and |r2|2 and verify the conservation of the
current vi = |r1|2v1 + |r2|2v2 numerically, where vi is the incident velocity and v1 and v2 are the velocities of the two
reflected beams (v1 = vi).
1 J. Sinova, S. O. Valenzuela, J. Wunderlich, C. H. Back,
and T. Jungwirth, Rev. Mod. Phys. 87, 1213 (2015).
2 J. Maciejko, T. L. Hughes, and S.-C. Zhang, Annu. Rev.
Condens. Matter Phys. 2, 31 (2011).
3 M. Z. Hasan, and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
4 X.-L. Qi, and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
5 K. Y. Bliokh, F. J. Rodr´ıguez-Fortun˜o, F. Nori, and A. V.
Zayats, Nat. Phot. 9, 796 (2015).
6 M. Onoda, S. Murakami, and N. Nagaosa, Phys. Rev. Lett.
93, 083901 (2004).
7 K. Y. Bliokh, and Y. P. Bliokh, Phys. Rev. Lett. 96, 073903
(2006).
8 F. Fedorov, Dokl. Akad. Nauk SSSR 105, 465 (1955).
9 C. Imbert, Phys. Rev. D 5, 787 (1972).
10 O. Hosten and P. Kwiat, Science 319, 787 (2008).
11 X. Yin, Z. Ye, J. Rho, Y. Wang, and X. Zhang, Science
339, 1405 (2013).
12 Q.-D. Jiang, H. Jiang, H. Liu, Q.-F. Sun, and X. C. Xie,
Phys. Rev. Lett. 115, 156602 (2015).
13 S. A. Yang, H. Pan, and F. Zhang, Phys. Rev. Lett. 115,
156603 (2015).
14 B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao,
J. Ma, P. Richard, X. C. Huang, L. X. Zhao, G. F. Chen,
Z. Fang, X. Dai, T. Qian, and H. Ding, Phys. Rev. X 5,
031013 (2015).
15 S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane, G. Bian,
C. Zhang, R. Sankar, G. Chang, Z. Yuan, C.-C. Lee, S.-
M. Huang, H. Zheng, J. Ma, D. S. Sanchez, B. Wang, A.
Bansil, F. Chou, P. P. Shibayev, H. Lin, S. Jia, and M. Z.
Hasan, Science 349, 613 (2015).
16 L. X. Yang, Z. K. Liu, Y. Sun, H. Peng, H. F. Yang, T.
Zhang, B. Zhou, Y. Zhang, Y. F. Guo, M. Rahn, D. Prab-
hakaran, Z. Hussain, S. K. Mo, C. Felser, B. Yan, and Y.
L. Chen, Nature Physics 11, 728 (2015).
17 B. Q. Lv, N. Xu, H. M. Weng, J. Z. Ma, P. Richard, X. C.
Huang, L. X. Zhao, G. F. Chen, C. E. Matt, F. Bisti, V.
N. Strocov, J. Mesot, Z. Fang, X. Dai, T. Qian, M. Shi,
and H. Ding, Nature Physics 11, 724 (2015).
18 S.-Y. Xu, N. Alidoust, I. Belopolski, Z. Yuan, G. Bian,
T.-R. Chang, H. Zheng, V. N. Strocov, D. S. Sanchez, G.
Chang, C. Zhang, D. Mou, Y. Wu, L. Huang, C.-C. Lee, S.-
M. Huang, B. Wang, A. Bansil, H.-T. Jeng, T. Ne- upert,
A. Kaminski, H. Lin, S. Jia, and M. Zahid Hasan, Nature
Physics 11, 748 (2015).
19 H. Weyl, Z. Phys. 56, 330 (1929).
20 G. E. Volovik, The universe in a helium droplet, Oxford
University Press (2009).
21 X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov,
Phys. Rev. B 83, 205101 (2011).
22 G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys.
Rev. Lett. 107, 186806 (2011).
23 A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205
(2011).
24 K.-Y. Yang, Y.-M. Lu, and Y. Ran, Phys. Rev. B 84,
075129 (2011).
25 G. B. Halasz and L. Balents, Phys. Rev. B 85, 035103
(2012).
26 H. Zhang, J. Wang, G. Xu, Y. Xu, and S.-C. Zhang, Phys.
Rev. Lett. 112, 096804 (2014).
27 J. Liu and D. Vanderbilt, Phys. Rev. B 90, 155316 (2014).
28 H. Weng, C. Fang, Z. Fang, B. A. Bernevig, and X. Dai,
Phys. Rev. X 5, 011029 (2015).
29 S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee, G. Chang,
B. Wang, N. Alidoust, G. Bian, M. Neupane, C. Zhang, S.
Jia, A. Bansil, H. Lin, and M. Z. Hasan, Nature Commu-
nications 6, 7373 (2015).
30 M. Hirayama, R. Okugawa, S. Ishibashi, S. Murakami, and
T. Miyake, Phys. Rev. Lett. 114, 206401 (2015).
31 D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010).
32 C. Fang, M. J. Gilbert, X. Dai, and B. A. Bernevig, Phys.
Rev. Lett. 108, 266802 (2012).
33 F. Zhang, J. Jung, G. A. Fiete, Q. Niu, and A. H. Mac-
Donald, Phys. Rev. Lett. 106, 156801 (2011).
34 D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.
den Nijs, Phys. Rev. Lett. 49, 405 (1982).
35 M. Onoda, S. Murakami, and N. Nagaosa, Phys. Rev. E
74, 066610 (2006).
36 H. B. Nielsen, and M. Ninomiya, Phys. Lett. B 130, 389
(1983).
37 S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee, G. Chang,
T. R. Chang, B. Wang, N. Alidoust, G. Bian, M. Neu-
pane, D. Sanchez, H. Zheng, H.-T. Jeng, A. Bansil, T.
Neupert, H. Lin, and M. Z. Hasan, Proceedings of the Na-
tional Acadamy of Sciences 113, 5, 1180 (2016).
38 L. Lu, L. Fu, J. D. Joannopoulos, and M. Soljacˇic´, Nature
Photonics 7, 294 (2013).
39 L. Lu, Z. Wang, D. Ye, L. Ran, L. Fu, J. D. Joannopoulos,
and M. Soljacˇic´, Science 349, 622 (2015).
40 W.-J. Chen, M. Xiao, and C. T. Chan, Nature Communi-
cations 7, 13038 (2016).
41 L. Wang, S.-K. Jian, and H. Yao, Phys. Rev. A 93,
061801(R) (2016).
